Controlling the chance of failure is the aim of design for reliability. Among a host of uncertainties, material properties constitute one key input to designing safe structures. However, legally required approaches to characterizing materials -basis values -are fundamentally incompatible with design for reliability. Namely, basis values prevent designs from achieving high-reliability, perpetrating orders-ofmagnitude higher probabilities of failure than specified. In this work, we demonstrate this pathology and recommend a solution: the concept of precision margin. We present a general definition, operationalizations and efficient estimation procedures, and illustrative demonstrations on classical reliability problems. The results vastly outperform the current industrial practice, and illuminate a new tool to navigate the trade space between design and information costs.
Introduction
From its inception, the practice of engineering has faced uncertainty. Historical approaches to managing unknowns employ multiple layers of engineering conservatism -the application of safety factors and margins.
For instance, Title 14 CFR 25.303 sets a baseline factor of safety of 1.5 on external load limits for commercial transport aircraft -this has the force of law in the US. [19] Such conservatism helps to ensure -but does not guarantee -safe operation. However, design conservatism is potentially at odds with the goals of reducing cost and increasing performance. One solution to this tension is to re-examine the current engineering practice, and seek out unidentified weaknesses in the design process.
In this work, we analyze one such practice -the characterization of material properties. Title 14 CFR 25.613 requires that material properties be established upon a basis value, a realization of a random variable derived from material population statistics. [11, 1] We analyze the implications of this design practice within the context of design optimization subject to failure chance constraints, a design strategy known as reliabilitybased design optimization (RBDO). [7] In this context, we find that the basis value characterization of uncertain material properties leads to uncontrolled reliability -extreme conservatism for low reliability targets, and extreme anti-conservatism for strict targets.
These pathologies are already known to arise from the safety factor approach; a post-Columbia NASA report [18] notes that "these design methods can potentially result in overly conservative or unconservative designs of aerospace structures." Military design guidelines [15] also warn against the dangers of applying accepted practices uncritically, noting, Application of a factor-of-safety to cover unknowns has a history of success. The danger in this approach is that the factor of safety may be too large, or in some cases, too small. Because it has worked in the past is no guarantee that it will suffice in the future. The whole approach of worst case extremes can lead to compounding and inefficiency. To select a factor-of-safety solely on the basis of "it worked in the past" should be examined.
To examine the effects of basis values in design for reliability, we first consider the simple problem of sizing a thin-walled cylinder for uniaxial tension conditions, subject to material and load uncertainties. The structural design in this example is trivial; all complexity is due to uncertainties. Applying an A-basis value -legally required for non-redundant components -leads to over-design by as much as 40% when pursuing a reliability of 0.90. Meanwhile, the same approach leads to under -design as severe as 10% when seeking a reliability of 1 − 10 −7 , leading to a realized failure probability orders-of-magnitude worse than desired. We follow up this simple example with a more realistic cantilever beam problem, and find similar results. These investigations establish the fact that basis values are incompatible with design for reliability, and motivate the introduction of a new engineering practice.
In this work, we introduce the concept of precision margin (PM), a framework for defining margin intended to enable confident engineering design in the face of statistical uncertainties. We present two implementations of this concept, both carrying unique advantages and challenges. In contrast with basis values -which are decoupled from system reliability -we introduce one methodology which adds just enough margin to confidently address a class of uncertainties. While our focus in this work is on materials characterization, the PM concept is flexible enough to apply to any case of statistical uncertainty. The particular implementations of PM presented in this work are restricted to cases of modeled randomness, where a specific (analytic) joint PDF is selected to model variable quantities -this choice is in line with existing DOD probabilistic design methodologies, furnishing these procedures with a means to add principled margin. [15] As Zipay et al. [19] highlight, basis values are the industry standard for addressing material uncertainties -the ultimate Factor of Safety (F OS ULT ) is therefore irrelevant to our efforts, and not considered in this work. Other methods for handling parameter uncertainties within reliability-based design optimization exist; for example, the predictive reliability index (PRI) of Der Kiureghian. [4] However, the PRI approach is not a conservative design strategy, in a precise sense introduced below. In contrast, precision margin is a conservative strategy, one which can be formulated to provide a degree of margin that is 'just right', what we call confidently conservative (C2). Furthermore, PM provides a unique capability to quantify the effects of statistical uncertainties on the resulting design, separate from other uncertainties.
An outline of this article is as follows: Section 2 presents the motivating issue through a simple structural sizing problem, and proves the claim that basis values are incompatible with design for reliability. Section 3 introduces the precision margin concept, presents two implementations, and provides comparisons against traditional design approaches. The two implementations apply margin in either physical or probability space, and present different advantages and challenges. Section 4 provides practical estimation procedures to enable the computation of PM -the techniques introduced here add negligible computational cost, and are simple to incorporate within an RBDO framework. Section 5 demonstrates the PM methodology on a common RBDO test case, while Section 6 retrospects, providing context and sketching future directions.
The results of this work are twofold: (1) We uncover shortcomings in the current engineering design practice related to characterizing material properties, and (2) We present a potential solution to the highlighted issues, introducing a new form of design margin.
Our aim is to constructively comment on the practice of engineering design, and to illustrate a potential avenue for the continued development of our profession. In the spirit of facilitating this development, a companion GitHub repository 1 contains all the code necessary to generate the results in the present work, and to serve as a reference implementation for the suggested algorithms.
Motivating Issue
We first introduce the design problem of sizing for uniaxial tension, and formulate the problem in a reliabilitybased design framework. We then introduce two means of dealing with uncertain material properties, first employing a basis value, and second directly modeling the variable material with 'plug-in' parameter estimates. We employ both approaches at different cases of desired reliability, and demonstrate that neither approach produces desirable results, motivating the introduction of precision margin in the section to follow.
Uniaxial Tension Sizing
For illustrative purposes we introduce a structural sizing problem, whose simplicity highlights the issue of material property uncertainties. We consider sizing the wall thickness t of a hollow cylinder of given radius r; this has cross sectional area given by A(t) = π (r + t) 2 − r 2 . We take the applied tensile force to have a known distribution F ∼ N (µ f , τ 2 f ), while the material ultimate tensile strength has a ground truth distribution U ∼ N (µ u , τ 2 u ). For simplicity, we model these variables as independent Gaussians; one could easily use lognormal variables to enforce positivity, which would not materially change our conclusions. Table  1 summarizes the ground truth parameter values used in this study. Table 1 : Ground truth parameters for uniaxial tension example. We assume a material coefficient of variation of 10%, a high but typical value for advanced composite materials. [2] Parameter Value Units
In general, failure of a structure is modeled by the limit state function g(d, X), where d ∈ R d d are the design variables, and X ∈ R dr are random variables. [5] For uniaxial tension, we have the limit state function
where g ≤ 0 corresponds to failure, and X = (U, F ) ⊤ are the random variables, chosen to model different sources of uncertainty. The critical ultimate stress U replaces a fixed, deterministic stress σ ult to model the variability inherent in manufacturing processes. The applied load F replaces a fixed load f to model the uncertain conditions the design will encounter. Reliable sizing is accomplished by solving the optimization problem min C(t),
where C is the cost of the design, taken to be C(t) = t for this example, and R ∈ [0, 1] is the desired reliability.
Here and below, we denote by subscript the random variables considered in evaluating an expectation, e.g. a probability statement. Equation (2) has an exact solution, defined by
where Φ −1 (·) is the standard inverse normal CDF. In the case where r = 1m and R = 0.95, we find the solution t * ≈ 3.3cm.
Uncertain Parameters
In practice, the parameters θ for the distribution of the random variables may not be known. In the uniaxial tension example, we assume we know the parameters for F exactly, and have access to some number m of samples
, which lead to the sample estimates and their (sampling) distributions
Note that we assume no additional measurement noise on the material measurements U i . Variation here is assumed to arise from manufacturing variability alone. The parameter estimatesθ = (U , S 2 u ) ⊤ are random and have the moments
We will denote byT the sample estimate of Cov[θ], and will occasionally use a subscripted versionT m to emphasize the sample size. The lack of perfect knowledge implies that exactly solving the RBDO problem (2) is not possible. Instead, one must turn to some form of statistical approximation -two standard approaches are detailed below.
Basis Values
Under 14 CFR 25.613, commercial aircraft designers are required to establish material properties using a basis value, a random variable constructed from a random material population. Formally, a basis value is a tolerance interval, a random interval constructed with respect to another random variable, such that the interval contains a fraction P of the population at a desired confidence level C. [9] A basis value is a one-sided interval, thus it is reported as a single number. Practically, one may draw a number m of samples of the desired material property U i ∼ ρ for i = 1, . . . , m and compute the sample mean U and variance S 2 . Effectively, the basis value is the mean estimate, knocked down by the sample standard deviation, scaled by an appropriate factor k P,C (m). Formally, we have
where k P,C (m) is determined by the desired Population fraction P, Confidence level C, and chosen sample count m. Under a normal X assumption, the factor k P,C (N ) can be determined from a non-central tdistribution -this assumption is exact in the uniaxial tension problem defined above. One may also employ empirical methods for computing basis values in the case of large sample sizes. [9] Note that B is a random variable, for which we compute a realization based on sample estimates. The basis value is applied by introducing a modified limit state function g(t, B, F ) = B − F/A(t).
(7)
Note that (7) is not the true limit state, but is instead an approximation induced by the basis value. We shall see below that this approximation will not necessarily lead to a conservative design. Since the basis value is the only number reported, we do not have enough information to evaluate the probability related to the material population variability in (2) . We instead solve a modified optimization problem, given by
Note that the evaluated reliability R(B) is now a random variable, induced by the random basis value. Thus the t which solves (8) is a random variable. Furthermore, the uncertainty arising from the material property is not accounted in the probability statement, as implied by the subscript. The material uncertainty is effectively decoupled from system reliability by the basis value.
Plug-In Estimate
As an alternative to the basis value approach, one may model random material properties, estimate the distribution parameters θ, and evaluate all probabilities using the 'plug-in' estimateθ. This approach leads to the modified optimization problem min C(t),
where we introduce the notation X(θ) ∼ ρ(θ) to denote a random variable drawn conditional on the assumed parameter valuesθ, and note that the notation X implies the random variable is drawn according to the ground truth parameters θ. Note that (9) also involves a random reliability R(θ), with the randomness induced by the estimated parameter values. Thus the t which solves (9) is also a random variable. This design is computed using (3), substituting the estimated parameter values.
Results
Here we compare the basis value and plug-in approaches in terms of their performance, relative to the exact solution of (2). For comparison, we introduce two performance metrics; the effective margin M eff,C (d) and effective reliability R eff,g (d), defined in (10) below.
Note that since M eff,C (d) is defined with respect to a minimal objective value C * , it is only defined for RBDO problems where such a value exists. Cases where the objective is unbounded below are likely to suffer from problems more grave than defining margin. The effective margin M eff,C (d) measures system performance in terms of the chosen cost metric C(d). If M eff,C (d) is positive, it implies there must be slackness in the reliability constraints (under the true parameter values θ), and the cost of the design could be reduced. Conversely, negative effective margin implies the cost observed could not have been achieved without violating a constraint -in this case effective margin is an indication of how under -built a design is.
The effective reliability R eff,g (d) directly measures the achieved reliability of a design, in terms of a single constraint. An R eff,g (d) less than (greater than) the desired reliability implies under-(over-) design in the system. In contrast with effective margin, which gives a single measure for a design problem, one would have a set of effective reliabilities for a design problem -one for each reliability constraint.
Note that we will use these quantities to measure the performance of design strategies by considering an ensemble of designs arising from different approaches. Furthermore, these quantities are frequentist constructions, as they are predicated on the existence of a true parameter value θ.
Since the t arising from (8) and (9) are random, the resulting performance metrics are also random. We simulate the sizing problem by drawing a variable number of material samples m, solving the optimization problems analytically, and replicate this entire procedure to build confidence intervals that measure design strategy performance. The results shown in Figure 1 demonstrate deficient behavior with both the basis value and plug-in approaches.
The basis value approach results in either over-or under-designed solutions, depending on the desired reliability. Intuitively, this deficiency is due to 'decoupling' of attendant uncertainties from the system reliability. In the basis value approach, one gathers enough data to estimate the mean and variance of a material population, but then collapses all data to a single number for structural sizing. Any following design for reliability cannot account for distributional information in this framework, which results in a lack of control over the ultimate failure chance. Stated differently, the basis value approach attempts to add a form of margin (in the −k P,C (m)S term) to the material property, and additional forms of margin are added in the downstream design process; since these margins are not designed in terms of the system reliability, it is unsurprising they fail to control the system failure chance.
The plug-in approach asymptotically recovers zero effective margin, but returns an unacceptable fraction of negative effective margin designs. This is because the plug-in approach adds no form of margin. The estimated parameter values are assumed to be true for the purposes of sizing; when the material capacity mean is overestimated (or the variance underestimated), the resulting design will be less reliable than desired. In practice, a designer would want a principled way to add margin to quantities directly related to failure criteria. These results motivate the introduction of precision margin. (Bottom) in the uniaxial tension example. Since the reliable design problems are solved analytically, all pathologies arise from the materials characterization process. We use an A-basis value in both reliability problems. Both the basis value and plug-in approaches necessarily return random designs: Mean profiles and two-sided 95% confidence intervals are approximated using 10 (Bottom) in the uniaxial tension example. For ease of plotting, we report the effective failure chance F eff = 1 − R eff , which carries the same information. The conclusions of Figure 1 are echoed here. At low reliability targets the basis value approach results in an overly-conservative design; that is, the failure chance is lower than requested, implying that material could be removed and the design would still achieve the desired reliability. At high reliability targets, the basis value approach results in the opposite issue; the failure chance is higher by orders-of-magnitude.
Precision Margin
In this section, we present a design methodology which overcomes the issues inherent in both the basis value and plug-in approaches. Here we introduce the general concept of precision margin, provide examples of its implementation, and present results for the uniaxial tension sizing problem.
Precision Margin Concept
Margin is a simple but ubiquitous concept from engineering. Margin is a displaced threshold for some constraint, added to encourage a conservative design. Within the RBDO framework, one can add margin in at least two ways:
which we refer to (respectively) as margin in limit (MIL) state, and margin in probability (MIP): We will see below that the MIP formulation provides additional, desirable properties. In (11), adding positive margin (g m , p > 0) will result in an overly-conservative design, with regard to the desired reliability. However, adding margin is useful in the realistic case where the parameters θ are not exactly known.
We introduce the concept of precision margin as a form of margin added to handle the statistical uncertainties inθ arising from an estimation procedure. Thus, we introduce the following definition:
Definition: Precision margin (PM) is any form of margin which:
1. Is applied to control the reliability of a system limit state 2. Decays to zero with increased precision Point 1 focuses on a system limit state; it ensures that uncertainties are not decoupled (as with basis values). Both approaches in (11) satisfy this requirement by construction. Point 2 focuses on precision in estimates relevant to the reliability calculation. Precision has both a precise technical meaning (inverse variance), but also an intuitive sense. This second point ensures that conservatism is eliminated in the state of perfect knowledge. Precision margin is intended to deal with statistical uncertainties only; this excludes biases and errors present in the estimates, and other unidentified uncertainties. This flexible definition can be implemented in multiple ways, as illustrated below.
Margin in Limit
Here we define the margin in limit (MIL) as a margin term g MIL,C based on the mean difference between the estimated limit stateĝ and the true limit state g. This margin is defined at a desired confidence level C by
Note that E X(θ) [g(d, X(θ))] is a random variable, due to the randomness induced byθ. In order for g MIL,C to be a PM, it must converge to zero asθ → θ. We present a proof of this fact in Appendix 7.1. For the uniaxial tension example, the margin in limit PM has an analytic expression, given by g MIL,C = Φ −1 (C)τ u / √ m, independent of the thickness t. In a more general setting g MIL,C may be a function of the design variables d, a fact which has implications for RBDO, and which will be revisited in in Section 4.
Example results shown in Figure 3 demonstrate that the mean difference PM is indeed more conservative than the plug-in approach, but does not guarantee non-zero effective margin at the desired confidence level, a property we will achieve with a different implementation below. Crucially, the margin in limit PM results approach the desired reliability, in contrast with the basis value approach. Note also that the margin in limit PM formally relies on exact knowledge of θ; we will introduce an approximation to this margin term below. 3 replications are carried out to construct mean curves and one-sided 95% confidence intervals. As predicted, the MIL approach is more conservative than the plug-in approach. Crucially, the margin in limit approach approaches the desired reliability as the sample count is increased, in contrast with the basis value approach. Note that the MIL approach demonstrated here relies on exact knowledge of θ; we present an approximation of this approach below. Despite the use of exact knowledge, even the MIL approach leads to an unacceptable fraction of under-performing designs, particularly in the strict-reliability case; we will introduce an alternative strategy below which addresses this issue.
Margin in Probability
An equally valid means to add margin is to apply margin in the estimated reliability, as in the second line of (11) . This is an attractive option, as it more directly controls the quantity of interest for design for reliability -the failure chance -rather than exerting an indirect influence through the limit state. Margin in probability p is applied by designing for the modified constraint
where p is determined via the coupled auxiliary equation
Applying margin in this fashion has a very desirable property; in this form, the confidence level C can be interpreted as a probability of satisfying the desired reliability R(θ, d(θ)) ≥ R over the distribution of random designs. We can see this by first assuming the reliability constraint (13) is satisfied for any given random designd ≡ d(θ), and computing
Interpreting the probabilities of (15) requires that we consider random designs arising from the employed design strategy. Since the designd is random (induced by the random parametersθ), this allows us to interpret the probability overθ. We use the term confidently conservative (C2) to denote a design strategy with the property
A strategy which is C2 is conservative in reliability at a known confidence level C. Note that while C2 is a desirable property, we do not demand that a PM be C2; this is because the property will be practically unattainable in any real engineering context, due to challenges such as unknown unknowns. We introduce C2 as a theoretical ideal that practical design strategies can approach. The example below will illustrate the C2 property of this design strategy.
Despite directly controlling the reliability, applying margin in probability has a weakness -this approach is more numerically unstable than applying margin directly to the limit state. If p is estimated via some noisy procedure, then it is possible for R + p ≥ 1 to occur. In this case, the resulting reliability problem is ill posed. The example below will also illustrate this pathology.
In the tension sizing example, the estimated reliability has an analytical form
which we use in a semi-analytic study of the probability margin approach, solving the design problem via fixed-point iteration. Results of this numerical demonstration are reported in Figure 4 , demonstrating the C2 property described above.
Enabling Estimation
The implementations of PM above are intractable for realistic problems, as they rely on knowledge of the unknown parameters θ, and utilize exact reliability evaluations or expensive second-order Monte Carlo approximations. This section builds up the tools necessary to enable estimation of the two PM implementations introduced above, using only information available through the estimated parametersθ and limit state function evaluations g(d, X i (θ)). The key insight is to build a random variable model of our margin terms, justified by the delta method and enabled by an efficient gradient approximation technique.
Delta Method
The delta method is a classical result from the statistics community, and is frequently used to estimate moments and construct confidence intervals. [16] A theorem sufficient for our purposes is stated below. (Fig. 3) , but demonstrate the confidently conservative property defined above. Note that at lower sample counts (m < 50) in the strict reliability case (Bottom), results are not given for low sample counts. This is due to realizations where the estimated margin is incompatible with the desired reliability (i.e. R + p > 1) -this strategy is C2 contingent on the constraint R(θ) ≥ R + p. This pathology illustrates a point: Margin in probability is a more numerically unstable procedure, as compared with other forms of margin suggested in this work. An alternative (positive) view on the phenomenon is that margin in probability can signal that the available information is incompatible with the desired reliability targets. In practice, a designer may use MIP to determine when additional precision in estimates is required.
Theorem: Let φ : R dp → R be differentiable at θ ∈ R dp , and letθ ∼ N (θ, T m ) be a random vector with
The theorem above can be understood in terms of a first-order Taylor approximation to the function φ(θ) ≈ φ(θ) + ∇ θ φ ⊤ (θ − θ), which has a mean and variance matrix matching the normal distribution above. As the estimatorθ concentrates towards θ with increasing m (implied by its shrinking covariance matrix), the first-order approximation becomes more accurate, providing an intuitive explanation of the delta method. Note that more general results may be employed for non-normal cases, so long as a similar convergence criteria is met. [16] Crucially, the result above implies that, under the stated conditions, a function of our estimated parametersθ is asymptotically normal -an implication which we may use to build a model of our margin terms. We will employ plug-in estimates for the parameters (θ, T ), which leaves the gradient remaining to estimate.
Parameter Gradients
A simple means to approximate the gradient would be a finite difference approximation. However, this approach would be problematic if the mean difference were approximated via Monte Carlo sampling. For example, if n samples were employed to estimate g MIL,C , an additional n × d r samples would be required to approximate ∇θg MIL,C θ . Furthermore, the computational noise arising from Monte Carlo estimation would necessitate a careful choice of finite difference step size. [10] Rather than employ finite differences, we leverage the analytic form of the modeled random variable ρ(θ). Note that both the mean difference and probability margins are defined in terms of an expectation; we will first consider the general case, and then specialize the results below.
Let
and note that φ(θ) depends on its argument only through the distribution PDF; that is, not through f (·) directly. Thus, we may manipulate the gradient
which is an expectation with respect to the same density ρ(θ), but with a modified integrand. The quantity ∇θρ(X;θ)/ρ(X;θ) is known as the score. [16] At first, expectation (18) may appear to be a new quantity requiring a separate Monte Carlo estimate, which would double the expense of approximating φ(θ) alone. However, note that f (X) is unchanged within the expectation of (18); the parameter sensitivity is represented by the score. If φ were approximated via Monte Carlo
with X i (θ) ∼ ρ(θ), then we may approximate the gradient using the same samples via
Since the evaluation of f is usually the limiting computation, this procedure adds virtually no additional computational expense.
Modeling the Margin in Limit
The parameter gradient may be employed to model and estimate the margin in limit in an economical fashion. Let
which has the parameter gradient
which enables first-order approximation of the moments
As noted above, in the case whereθ
is asymptotically normal. This justifies a model for the margin in limit PM
with Z ∼ N (0, 1). This model problem has the exact solutioñ
Note that in order to evaluate the required moments, we formally require the true value of T ; in practice, we use a plug-in estimate. Figure 5 compares the MIL PM approximation (using plug-in estimates) against the analytic approach (using true values). . The analytic approach is compared against Monte Carlo approximation using the delta method, varying the number L of Monte Carlo samples. Note that the confidence bounds of the approximation converge on those of the analytic approach, and the approximate mean behavior is quite near the analytic results. Note also that in the high reliability case, the low sample count L leads to highly under-performing designs, in terms of both mean and quantiles. This is due to inaccuracies in both the estimated reliability and margin terms.
Modeling the Margin in Probability
Much like the margin in limit, we may model and approximate the margin in probability via the delta method. The approach is nearly identical; first define r = R(θ) − R(θ), and compute the partials
where 1[·] is the indicator function. Note that R(θ) depends only indirectly uponθ, thus it is eliminated in the computation of partials. The gradient above enables first-order approximation of the moments
which in turn enable approximation of the probability margin via
(28) Figure 6 presents results for uniaxial tension using this approximation technique within a Monte Carlo approach, compared against a construction similar to the predictive reliability index (PRI). [4] Der Kiureghian provides an approximation to the PRIβ based on the delta method to the standard reliability index β(θ) = Φ −1 (R(θ)), given by
Note that the PRI formally implies a Bayesian approach, while we have so far employed frequentist constructions. Regardless, we will use the manipulations arising from (29) in the same fashion as the approximations presented above, in order to provide some comparison against existing approaches. One designs with the PRI via the constraintβ ≥ Φ −1 (R); we present results from this approach in Figure 6 . Note that (29) effectively inflates the variance, but provides no margin to the computed reliability index - Figure 6 demonstrates that designing with the PRI is not C2. PRI; L = 100,000 Figure 6 : Effective margin for uniaxial tension at R = 0.90 using approximate probability margin (Top), and compared against the predictive reliability index (PRI) approach (Bottom). Note that as the sample count increases, the Monte Carlo samples (L) must increase to maintain the confidently conservative property. This implies that a higher-accuracy reliability calculation must be used to properly leverage more accurate parameter estimates. Also note that while PRI does account for parameter uncertainties, it is not C2, as it does not add any form of margin. Conspicuously, we do not present a high-reliability case comparison -this is because the MIP formulation is extremely expensive to run using simple Monte Carlo in the high reliability case! We will return to this point in Section 6. Figure 6 demonstrates that careful balancing of the sample count m and number of Monte Carlo samples n is necessary to approach the C2 property promised by the analytic MIP approach. We perform a scalar analysis (Appendix 7.3) to study this phenomenon, and find that the Monte Carlo estimated varianceτ 2 has variance in excess ofτ 2 approximated by
where m is the sample count, n is the number of Monte Carlo samples, and k ∈ R >0 is an unknown constant. Equation (30) illustrates that the estimated marginp C = Φ −1 (C)τ has dispersion in excess of that considered in the delta method. An increase in m must be met with a comparable increase in n, in order to combat this deleterious effect.
Integration and Implementation
Before moving on to our final example, we first discuss the practical integration of PM into a reliability-based design optimization (RBDO) procedure. In order to fully realize the efficiency promised by the approximation techniques above, particular integration choices must be made when implementing the design and analysis loops.
First, since PM may (in general) depend on the design variables d, it must be estimated alongside the system reliability. In both the margin in limit and margin in probability approaches we provideθ,T , select R, C, and enforce a modified constraint. In the margin in limit approach, we enforce
while in the margin in probability approach, we enforce
In the case where the reliability analysis is nested within an optimization loop, the approach is called bilevel. [6] Within a particular reliability analysis at value d, we first obtain realizations of the limit state g(d, X i (θ)), either directly (non-intrusively) or by sampling a constructed surrogate (e.g. via an intrusive procedure). We then use these realizations to compute the margin of choice, which we then apply to the reliability problem. Algorithm 1 illustrates both the margin in limit and margin in probability procedures in pseudocode, using simple Monte Carlo.
Algorithm 1: Performing reliability-based design optimization with margin in limit (Left) and probability (Right), using simple Monte Carlo. As a demonstration of the application of precision margin in a reliability-based design optimization, we consider the design of a cantilevered beam [17, 13] . Figure 7 illustrates the problem of a rectangular constant cross-section cantilevered beam subject to a lateral load H and vertical load V at its end. Both loads and the beam's elastic modulus E and yield strength Y are assumed to be normally distributed as shown in table 2; thus the problem has 4 random variables
For this problem, we consider exact knowledge of the load distributions, but estimate distribution parameters for material properties E and Y via sampling. The designer has control over two deterministic variables d = [w, t] ⊤ , the width w and the thickness t of the beam. The quantities of interest for this problem include the cross-sectional area of the beam wt, as well as the stress and displacement of the beam, which are desired to not exceed the yield strength Y and maximum allowable displacement D 0 = 2.2535 inches of the beam. Figure 7 : Schematic for the proposed cantilever beam problem subject to a lateral and vertical load [17, 13] . Material properties (E, Y ) and loading (H, V ) are uncertain. L = 100 inches and w and t are deterministic design variables.
The stress S, and the displacement D in the beam are given by:
whereupon the normalized limit state functions g S and g D are written as:
In the MIL implementation, we then formulate and solve the following minimum cross-sectional area (i.e. minimum mass) design problem with chance constraints for the probability of failure to not exceed 0.135%:
where the limit state margins g S,MIL,C and g D,MIL,C defined by the equality constraints in equation 31 calculated for confidence interval C = 0.95 are implicit. Similar manipulations yield the MIP approach. In practice, we reformulate the constraints using the performance measure approach by rewriting them using the inverse CDF of the limit state functions [14] . Such a formulation avoids issues during the gradient-based optimization when the calculated reliability is 100%. We compare the results of the reliability-based optimization problem in figures 8 and 9, and tables 3 and 4 for several methods: the plugin approach, basis value approach, and proposed precision margin implementations. We first observe that optimization using the plugin approach leads to designs with an unbiased effective margin which, on average, satisfies the reliability constraints. On the other hand, optimization with basis values leads to excessively conservative designs for this problem, with a large effective margin and extremely high reliability far from the desired value.
In contrast, optimization with the proposed precision margin approaches leads to conservative designs which have positive effective margin and trend towards the desired design reliability with increasing sample count. In particular the delta-approximated margin in probability (MIP) implementation of the precision margin is desirable from an engineering perspective: Although it is not C2 (it is over-conservative), it leads to conservative designs when little information is available about material properties. The approximate MIP approach is able to capitalize on improved information (greater m), and approaches true C2 behavior. A comparison of the results in tables 3 and 4 also illustrates the increased effectiveness of the MIP implementation at higher sample counts leading to less conservative but reliable designs. Effective margin for optimal cantilever beam designs using the plug-in approach (PI), basis value approach, and proposed margin in limit (MIL) and margin in probability (MIP) precision margin approaches. Confidence intervals are constructed via a normal approximation from 40 independent optimization results, and chance constraints are estimated via Monte Carlo sampling with N = 1 × 10 5 samples. Note the excessive margin when an A-basis value is used, and improved margin over the plug-in approach when the PM approaches are employed, especially for the margin in probability approach. Note also that the approximate MIP approach is not C2 in this case, as it is somewhat over-conservative, but does approach the theoretical ideal. figure 8 . Optimization with basis values leads to an overly conservative design, whereas design with the precision margin leads to designs with performance closer to the requested performance. In particular, the margin in probability (MIP) PM approach leads to satisfactorily conservative reliabilities which approach the design goal as information about material properties increases. Table 3 : Comparison of cantilever beam optimization results for a sample count of 100 (i.e. using information from 100 material property characterization tests). The average objective (cross-sectional area) value and constraint reliabilities are shown with coefficients of variation in parentheses. For a constant density beam, average weight savings of 2.4% are realized for design using the margin in probability (MIP) PM approach compared to design using basis values (BV). Design using the margin in limit (MIL) PM approach yields average weight savings of 5.9%.
Method
Objective 
Discussion
In this work, we analyzed a current industrial practice for characterizing materials -the basis value -in the context of design for reliability. We found this strategy to be incompatible with controlling failure probabilities, identified the sources of this shortcoming, and proposed an alternative framework for handling statistical uncertainties, introducing precision margin. We presented implementations of this PM concept which offered desirable theoretical properties, developed practical implementations, and demonstrated them on a cantilever beam design problem. In this discussion, we re-examine the results of this work in a forward perspective.
The primary thesis of this paper is the fact that basis values are incompatible with design for reliability. This was established through several examples, which demonstrated that using a basis value consistently led to uncontrolled system reliability. Most dramatically, we showed that using a basis value when designing for tight reliability tolerances -one failure in ten million -led to a failure chance an order of magnitude greater than designed. One might be tempted to 'tighten' the basis value; to use a more strict population fraction or confidence level. However, this temptation does not address the fundamental issue. A basis value is designed to capture a population fraction, which is quite different from system reliability. In order to address the underlying issue, we introduced a new definition of design margin.
We introduced the concept of precision margin to directly address the shortcomings of the basis value concept. PM is, by construction, capable of controlling a system limit state and avoiding excessive design conservatism. To show the flexibility of this concept, we introduced two operationalizations of the PM concept, introducing margin in limit, and margin in probability. The latter provided an additional benefit -the ability to interpret confidence in terms of realized system reliability, what we called confidently conservative (C2). We derived an approximation for and demonstrated the efficacy of the MIP approach on a classic reliability test case -the cantilever beam problem -which reduced excess weight by 2 − 5% when compared with design using an A-basis value, while maintaining the desired reliability at (or above) the desired confidence level. This demonstrates the potential of MIP and other PM strategies to produce tangible gains in engineering design for reliability.
Practically, what must be done to perform design for reliability using PM instead of basis values? For the MIP approach suggested above, one must first model the material properties with random variables, in line with existing military design guidelines. [15] One must then estimate the parametersθ for these random variables -this is already done in some approaches to computing basis values. [1] In addition, one must estimate a covariance matrixT m for the estimated parameters, for use in the delta method. Finally, one must perform RBDO with MIP as illustrated above; the computational expense of this effort will scale with the desired reliability tolerance, and with the cost involved with system simulation.
Of course, further efforts are necessary to develop and deploy the PM concept. Numerous algorithms and software packages for design for reliability exist, which could benefit from integration with a PM implementation. Acceleration is also key; in this work we considered simple Monte Carlo, which is known to be slow to converge -concretely, this stymied our efforts to apply MIP in the high-reliability case. Integrating PM with fast integrators and quadrature rules is a clear next step. Furthermore, it would be desirable to have a non-parametric (empirical) way to implement PM -an approach which would ideally be robust to departures from modeled randomness -an application of the ambiguity set may aid in these efforts. [8] Operationally, it may be beneficial to formulate both the design and sampling plan within the same optimization, using margin as a link -recent developments in multi-objective optimization leveraging stochastic dominance appear to be an attractive path forward. [3] More broadly, the PM concept can help tie disparate sources of data within modern digital manufacturing efforts -the push towards the Digital Thread. [12] Finally, we reiterate that PM is intended to cover statistical uncertainties only -uncertainties addressed by Factors of Safety include unknown unknowns, so a PM could never replace a FOS. However, we believe that precision margin is an early but key component of quantifying, propagating, and above all managing uncertainty in engineering design.
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